UNIVERSITY OF
CAMBRIDGE step.maths.org

STEP Support Programme

2025 STEP 3 Worked Paper

General comments

These solutions have a lot more words in them than you would expect to see in an exam script and
in places I have tried to explain some of my thought processes as I was attempting the questions.
What you will not find in these solutions is my crossed out mistakes and wrong turns, but please
be assured that they did happen!

You can find the examiners report and mark schemes for this paper from the OCR website. These
are the general comments for the STEP 3 2025 exam from the Examiner’s report:

The majority of candidates focused solely on the pure questions, with questions 1, 2 and 8 the most
popular. The statistics questions were more popular than the mechanics questions in this exam
series.

Candidates who did well on this paper generally:
. were careful to explain and justify the steps in their arguments, explaining what they had

done rather than expecting the examiner to infer what had been done from disjointed groups
of calculations

° paid close attention to what was required by the questions
° made fewer unnecessary mistakes with calculations
. thought carefully about how to present rigorous arguments involving trig functions and their

inverse functions, especially in relation to domain considerations

. understood that questions set on the STEP papers require sufficient justification to earn full
credit

° knew the difference between ‘positive’ and ‘non-negative’

) attempted all parts of a question, picking up marks for later parts even when they had not

necessarily attempted or completed previous parts.

Candidates who did less well on this paper generally:

. did not pay attention to ‘Hence’ instructions: this means that you must use the previous part

° presented explanations that were not precise enough (e.g. in Question 3 describing the trans-
formations but not in the context of the graphs or in Question 8 not explaining use of trigono-
metric relationships sufficiently well)

° made additional assumptions, e.g. that a function was differentiable when this had not been
given

STEP 3 2025 Worked Paper 1


https://step.maths.org
https://www.ocr.org.uk/students/step-mathematics/

UNIVERSITY OF
CAMBRIDGE step.maths.org

. tried to present if and only if arguments in a single argument when dealing with each direction
separately would have been more appropriate and safer (note that this is not always the case;
in general candidates need to consider what is the most appropriate presentation of an if and
only if argument)

° tried to carry out too many steps in one go, resulting in them not justifying the key steps
sufficiently

. did not take sufficient care with graphs/curve sketching.

Please send any corrections, comments or suggestions to step@maths.cam.ac.uk.

uestion 1 . . . L L L e e e e e e e
Q ion 1 3
UESTION 2 . . . o o e e e e e e e e e
Q ion 2 8
Question 3 . . . .. 14
Question 4 . . . .. e 19
Question b . . .. L e 26
Question 6 . . . . . L e 31
Question 7 . . . . L e e 34
uestion 8 . . L L L e e 40
Q
uestion 9 . . . L e 45
Q
uestion 10 . . . . . L e 51
Q
Question 11 . . . . . . . . e 56
uestion 12 . . . . . e e e e 61
Q

STEP 3 2025 Worked Paper 2


https://step.maths.org
mailto:step@maths.cam.ac.uk

UNIVERSITY OF
CAMBRIDGE step.maths.org

Question 1

1 You need not consider the convergence of the improper integrals in this question.

For p,q > 0, define
1
bpa) = [ a7 (1= )1 da,
0

(i)  Show that b(p, q) = b(g,p).
(ii) Show that b(p+1,q) = b(p,q) —b(p, ¢+ 1) and hence that b(p+1,p) = % b(p, p).

(iii) Show that

N

b(p,q) = /0 (sin 0)%P~1(cos §)2971 d6.

1

Hence show that b(p,p) = 5251 b(P: %)

(iv) Show that

(v) Evaluate

Examiner’s report

This question was the most popular question in terms of the number of attempts, and it was gen-
erally well done. Some candidates spent significant time attempting methods involving integration
by parts in the early parts of this question which did not work. In part (iii) the most common
method in the ‘Hence show that...” involved using the substitution v = 20 at some point. After
this the integral looks like what is required in the given answer but with the limits 0 to 7 rather
than 0 to %71’. Candidates needed to point out that the symmetry in the integral enabled the limits
to be changed back to 0 to %ﬂ' with the appearance of a factor of 2.

Part (iv) was generally well done by those who got that far. In part (v) some marks were given for
piecing together the earlier results to get to an integral that is relatively easy to calculate. Some
candidates did not provide sufficient justification to be awarded full credit. A good number of
candidates got to a final correct value of the integral. Some candidates had success with alternative
methods involving more difficult integration having not made so much use of the properties of b to
simplify the calculation.
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Solution
(i) Using a substitution of t = 1 — z we have:
1
b(pg) = [ a7 (1= ) da
0
0
= / (1—t)P~ 171 (—1) x dt
1
1
:/ (1—t)P 1t de
0
= b(g, p)
(ii) Starting with the right hand side we have:
1 1
b(pa) = bpg+ 1) = [ @ - o= [0 0
0 0
1
= / {xp_l(l — )t 2Pl - $)q} dz
0
1
= / 2P (1 —2)7? [1 —(1- :L‘)} dz
0
1
= / P11 —2)T ! x zde
0

1
= / 2P(1—z)7 tda
0
We have:

(
(p,q) —b(g+1,p) using (i)
(

1 I
(iii) In this part we are aiming to get to b(p,p) = Wb(p, 1) = 531 / 2P (1 — ac)%_ld:v.

It is often a good idea to write down what you are aiming for at the start of the question!

Using a substitution of 2 = sin? @ in the integral given in the stem of the question gives:

dz .
W= 2sin 6 cos b

1n
b(p,q) = /02 (sin® 9)p_1(1 — sin? G)q_12sin9<:os0d9

1n
:2/2 (sin6)® " (cos6)* " db
0
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Setting p = ¢ gives:

sin 9 ( cos 9) =1 49

3 20\ P!
2 (sm ) 40

(sin 26) =1 qp

=2
:2/2 (sm@cos@)Qp*ldG

0

[

2

o\
N:\»—t

~ 92p1

Using a substitution of ¢t = 20 gives:

™

2
b(p.p) = 53, /0 (sin20)*~1 dg
2 [T a1
= 22171/0 (sint)™™" 5dt
LT op1
- 2213_1/0 (sint)®P™" dt

Since sin z is symmetrical about z = %ﬂ' we can rewrite this as:

=

N

2 T _
b(p, p) = 22;’1/0 (sint)P~! dt

Then using x = sin®¢ we have:

2 [
b(p,p) = 221?_1/ (sint)?P~1 dt
0
2 ! oy 1 1
= int)“P
22p 1/0 (sint) 2sint cost
1 1
= 5o / (sin )2 cost ' dx
0
1 1
= 55 1/ (sin? t)p (1 —sin“t) 2dz
0
1 1
= 22}7—1/0 Pt (1—2) 2dx

as required
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1
i Let £ = —:
(iv) Letz "

1
b(p, q) =/ P71 - x)T da
0
Lrye! 1\ -1
Y
oo \ U u u
o /q p—1 -1 q—1 1
LG () e
1 u u u
[e'¢) (u—l)q_l
:/1\ up+q*2 X u2 du

_ w(u_l)q—l
o A

Then using u — 1 =t we have:

[ (u— 1)t
b(p, q) —/1 Wdu

e’} tq_l
_ / Ty
0 (1 + t)erq

and by using part (i) we have:

b(p,q) = b(g,p)
tp—1

[o.¢]
= / mdt by swapping p, q
0

(v) Compari /OO t dtto/oo v dt we have 2 and 7
v mparin _ —————dt we have p = 2 and ¢ = £.
S o (L+t)rta b=z B

So we want:

b(3,5)= b(§3) using  b(p, q) = b(g,p)
=3b(3,3) using  b(p + 1,p) = 3b(p,p)
= % X 2i4b (%’ %) using  b(p,p) = 221},1b (p, %)
00 tq—l
We could have started from b(p, q) = / —org 4t but it felt slightly safer to start with
o (14t)pta

the last result given at the end of part (iv).
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So the integral we want to evaluate is:

=— sin® @(1 — sin? (9)_% X 2sinf cos 6 do using = = sin? 4

Ll
=— /2 (1 — cos 26)*d using cos2A4 =1 — 2sin® A
0

2 /
0

1
/ 1—2cos260 + 3 (1+ cos46) df using cos2A4 = 2cos> A — 1
0

[NIES

s
1 — 2cos 26 + cos® 20 dF

N|=

"~ 26

1 3
:ﬁ [%0 —sin 20 + ésin 49};

1 3 . . .
:%xixg note that sinm =sin27 =sin0 =0
_r
256
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Question 2

2 Let f(z) =7 — 2|x|.

A sequence ug, u1, ug, ... is defined by ug = a and w,, = f(u,—1) for n > 0.

(i) (a) Sketch, on the same axes, the graphs with equations y = f(z) and

y = f(f(x)).
(b) Find all solutions of the equation f(f(x)) = =.
(c) Find the values of a for which the sequence ug, u1, ug, ... has period 2.

(d) Show that, if a = %, then the sequence us,us,u4, ... has period 2, but
neither ug or u; is equal to either of uy or ug.

(ii) (a) Sketch, on the same axes, the graphs with equations y = f(z) and y =

f(f(f(x)))-

(b) Consider the sequence ug, uj, ug, ... in the cases a = 1 and a = —%. Hence
find all the solutions of the equation f(f(f(z))) = =.

(c) Find a value of a such that the sequence us, uy, us, ... has period 3, but
where none of ug, u; or ug is equal to any of ug, ug or us.

. J

Examiner’s report

In terms of attempts, this was the third most popular question. Most candidates who attempted
this question were able to make good progress with many of the parts. Candidates were generally
able to sketch the graph of y = f(z), but sketches of y = f(f(z)) often had some features missing or
incorrect. Many candidates opted to work out the equation for each of the straight-line segments
before sketching the graph and, while this generally resulted in the correct overall shape, important
points such as the vertical positioning of the points where the two graphs cross were often incorrect.
A number of candidates would have benefited from making their sketches larger. A small number
of candidates did not sketch the two graphs on the same set of axes, which meant that some of the
marks for this part of the question were not accessible.

Part (c) was not answered well, with many candidates simply restating their solutions to part (b)
without considering the fact that some of the solutions would lead to sequences with a period of 1.
Allowance was made here for those candidates who stated that a solution with period 1 also has
period 2 and listed all their solutions to (b).
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In part (d) candidates successfully calculated the terms of the sequence and many identified the
connection with the previous parts to explain that the remainder of the sequence would have a
period of 2. A small number of candidates only checked that ug # uo and uy # us and therefore
did not fully answer this part of the question.

Those who had made good sketches for the graphs in part (i)(a) generally made good attempts at
the sketches in part (ii)(a), although similar issues were encountered with the positioning of the
intersections of the two graphs.

Almost all candidates who attempted part (ii)(b) were able to calculate the sequences starting
with the two given values, although many did not realise that all three values that appeared in each
solution would also be solutions. The question was posed using ‘Hence’ and so this approach was
required. Some candidates simply stated their set of solutions without providing any explanation.
While some candidates commented on the fact that there must be eight solutions based on their
sketch, a significant number of candidates did not realise that the two period 1 values that lead to
a constant sequence would also be solutions.

Solution

(i) (a) The first graph can be drawn by using a series of transformations of y = |z|. You also
know that it will cross the y axis at (0,7) and will cross the z axis at (£1,0).

For y = f(f(x)) you can use the graph of y = f(x) to help. You know that
f(f(0)) = £(7) = =T and f (f (£)) = £(0) =7
Where the graph of f(f(z)) crosses the  axis we have f(z) = £I. This gives:
7—2|z|=1
7
7
20| = 3
ol =
7
and 7 —2[z|=—1
— 7
2|$‘ = 7 + 2
21
20z = 5
21
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The graphs look like:

> 1L

7

A ruler is highly recommended for this sketch!

(b) A consideration of the sketch shows that we expect 4 solutions. This is a good technique
for checking how many solutions you expect, and seeing if your solutions take reasonable
values.

_ (Q(’#\\
o

. ’44‘
0
57 T

© 3 \¢
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The equations of the “sections” of f(f(z)) are:

y=4dx + 21
y=—4xr—7
y=4xr -7

y=21—A4zx

for

for —

for

for

[enil STEN
NN
8 8 8 8
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Dl NN O

[NSJEN]
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These equations can be written down pretty much straight from the graph if your graph
is clear enough! Otherwise you can use the maximum/minimum and intercept points on
the graph to find the equations.

Solving for x gives:

r=4r +21 —
r=—4r -7 —

r=4x — 7

r=21—-4r —

—

x
x
T
x

cn“ﬁ W~

7
7
5

Note that all of these solutions fall into the “correct” range for the line segments, and

look reasonable when compared to the graph on the previous page.

Alternatively you can ignore the graph and use some algebra (though I did get the
question wrong first time I used this method!)

Setting f(f(z)) = = gives:

7-2[7T-2z|| =2

7T—x=2|7-2z|
49 — 14z + 2% = 4(49 — 28|z| + 42%) squaring

If we take x > 0 this becomes:

49 — 14z + 2% = 4(49 — 282 + 42?)

1522 — 982 4+ 147 =0
(52 —21)(3z —7) =0

21
= = — and —

If we take x < 0 this becomes:

49 — 14z + 2% = 4(49 + 28z + 42%)

5

1522 + 1262 + 147 =0
5a2 + 422 +49 = 0
5z +T7)(x+7)=0

7
3

— x:—gand -7

This felt like a lot more work to me, and certainly needed more algebraic manipulation.
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From the graphs in the previous two parts we can see that the values z = —% and z = &

5
do not satisfy f(z) = z, so these are “true” sequences which have period 2.

For x = —7 we have f(—=7) =7 —2| — 7| = —7 and so f(x) = x here, and when a = —7
we have a constant sequence (or a sequence with period 1).

For x = :,7) we have f(%) =7-2x % = %, and so when a = % we have another constant
sequence.
Therefore when a = —% and a = % we have a sequence with period 2, and when a = —7
and a = % we have a sequence of period 1.
When a = % we have:
— 28
ug = 5
28 21
w =7-2|F=-%
21 7
up =7-2|-%F| =~
7 21
ug =T-2|-f[ =%
21 7
up=T7-2[3|=-{
So we have (ug, ug, ug, us, ) = (—%, %1, —%, % i ) and neither ug nor u; equals either

of ug or ug.

When we have f(f(z)) = 0 then we have f(f(f(z))) = 7, so at z = £I +2! and when
f(f(z)) = £7 then we have f(f(f(z))) = —7, so at z = 0, £1.
Using these points we can “join the dots” to get the graph of y = f(f(f(x))).

A
7

% o
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(b) Sketching y = x onto the graph of y = f(f(f(x))) suggests that we should expect 8 solu-

tions.

As suggested, considerer the sequence starting with a = 1:
ug =1
uy=7-2=5
up=7—-2x5=-3
ug=7—2x3=1
Uy = H

so we have a sequence of period 3: (1,5,—3,1,5,—-3,---).

Starting with a = —% we have:

U9 = 7T—2 X %9 = —%
us = 7T—2 X %5 = —%
— 49
Ug = 9
so we have another sequence of period 3: (—%, %, —%5, —%, %, —%5 ® )

We now have 6 solutions to x = f(f(f(z))), i.e. three values each from the two periodic
sequences. The other 2 are solutions to = f(z), which we found in part (i)(c), i.e.

mz—?anda::—%.
The full set of solutions to x = f(f(f(x))) is
T = _7a _%57 _3a _%7 17 ga 57 459
We want us, ug,us, - -- to follow one of the two sequences with period 3. To make life

easier take uz = 1 (any of the values in the period 3 sequences from (ii)(b) would work,
but why would you choose anything other than 17). Then uy satisfies:

7T—2ug| =1
2‘712| =6
u9 =43

As —3 is in the sequence (1,5, —3,---) already let us = 3. Then u; satisfies:

7—2u| =3
2\u1| =4
up = +2
Taking u; = 2 gives:
7 —2lug| =2
2|”LL()‘ =
ug = ﬂ:%

And so taking a = % will satisfy the requirements (you only need to find one possible
value for a).
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Question 3

3 Let f(x) be defined and positive for x > 0.

Let a and b be real numbers with 0 < a < b and define the points A = (a,f(a)) and
B = (b, —1(b)).

Let X = (m,0) be the point of intersection of line AB with the z-axis.

(i) Find an expression for m in terms of a, b, f(a) and f(b).

(ii) Show that, if f(x) = \/z, then m = V/ab.
an+1 + bn+1
Find, in terms of n, a function f(x) such that m = ——
a™ +b"

(iii) Let gi(z) and go(x) be defined and positive for x > 0. Let m = M; when
f(x) = g1(z) and let m = My when f(x) = ga(z).

Show that if 51 Ex§ is a decreasing function then M7 > M.
g2(x

Hence show that

2
a+b> b > ab‘
2 a+b

(iv) Let p and ¢ be chosen so that the curve y = p(c — x)3 passes through both A
and B. Show that )
c—a (fla)\?
b—c <f(b)>

and hence determine c in terms of a, b, f(a) and f(b).

Show that if f is a decreasing function, then ¢ < m.

Examiner’s report

Part (i) was generally well done. However, some candidates simply stated the result without
showing sufficient working and full credit could not be given. SSP addition: Whilst “Find” in A-level
speak means working does not necessarily need to be shown, STEP questions expect justification
at all times UNLESS the question clearly says “State” or “Write Down”. Sign errors were another
common pitfall and usually meant that the accuracy mark could not be awarded.

Part (ii) was frequently attempted, though for many candidates it marked the end of their attempt.
A common mistake was overlooking the fact that the function f(x) was defined to be positive for
x > 0, leading to marks being unavailable. Another frequent issue was providing insufficient
justification — some candidates simply stated a function without explaining their reasoning or
showing it had the required properties, which prevented them from earning full marks.
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Part (iii) was less frequently attempted, especially the first subpart. Some candidates assumed that
the given functions were differentiable and attempted to provide arguments involving derivatives
which did not gain credit. The second subpart was generally handled better, though again, a lack
of justification was common. A few candidates also attempted alternative methods not involving
the previous part, thus ignoring ‘hence’ in the question.

Part (iv) was relatively well done by those who attempted it. The first subpart was accessible to
most candidates. The second subpart was more challenging and required careful attention, espe-
cially when working with inequalities and avoiding unwarranted assumptions of equality.

Solution

(i) Using y — y1 = m(x — x1) the equation of the line AB is given by:

y—t(o) - OO,

If this line crosses the z axis at (m,0) then we have:

—[f(a) + £(b)]

y —f(a) = ?(95 —a)
(b—a)f(a) = [f(a) + f(b)] (m —a)
(-0
f(a) + £(b)
_ bf(a) — afta) + affa) + af(b)
N f(a) + £(b)
_ bf(a) + af(b)
f(a) + £(b)

(ii) If f(z) = /z then we have:

_ bf(a) + af(b)
£(a) + £(b)
_ bya+avb
 Va+Vb
Vablya+ V]
Va+ b
= Vab

Since this is a “show that” question you need to provide enough working to fully justify the
given answer. In this case the “show that” means that you can check your answer to part (i)
before you attempt the rest of the question.
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For the next part, lets start by trying f(z) = 2™ (this is probably not going to be the right
function but might give us some insights into what the right function might be!).

If f(z) = 2™ then we have:

_ bf(a) + af(b)

~ f(a) +f(b)
_bxa"+axd"
N a™ + b

Now let’s try f(z) = ™™

_ bf(a) + af(b)
- f(a) +1(b)
bxa ™4+axb "
a4 b
a™b" [b xa " +a X b_”]
a™bm [a*" + b*"]
bn+1 +an+1
rra

as required!

(iii) When considering an inequality it’s often best to rearrange and try and show whether an
equivalent statement is positive or negative. So in this case let’s try to prove that M;—Ms > 0.

We have:

bgi(a) +agi(b)  bga(a) + aga(b)
M= @ re®) el +el)
[bgl(a) + ag1(b)] [g2(a) + g2(b)] — [bg2(a) + aga(b)] [21(a) + g1(b)]
[21(a) + g1(b)] [g2(a) + 2(b)]
_ bgi(a)ga(b) + agi(b)g2(a) — bga(a)g:1(b) — aga(b)gi(a)
[g1(a) + g1(b)] [g2(a) + g2(b)
g2(b)g2(a) gi(a) gi(b) g1(b) gi(a)
 [z1(a) + g1(b)] [g2(a) + g2(b)] [b< 2(a) g2(b)> +a<g2(b) g2(a)>]
g2(b)g2(a)(b —a) (gl(a) . gl(b)>
 [eila) + g1(b)] [g2(a) + g2(b)] \g2(a)  g2(b)

We are told that g1 (z) and ga(x) are positive (this means strictly greater than 0), and we are

told in the stem of the question that b —a > 0. If g1(x) is decreasing then this means that

b g2(z)
g1(a) _ 81(b) > 0 and hence we have M; — My > 0 as required.
g2(a)  g2(b)
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The next command is “hence” so we need to use what we have just done to prove the next
part. The middle part of the inequality is m when f(z) = /.

b
If we let g1(x) = 1 then we have My = %. If go(2) = /2 then My = vab. We know that

1
g1() = —= is a decreasing

@) Vo

g1(z) and go(z) are positive for z > 0, and we also know that

b
function, therefore by we know that M; > M i.e. a—21— > vab.

Note that this is the AM-GM inequality for two values, but since the command word was
“hence” you would have gained no credit for using AM-GM in this case.

For the second part of the inequality, looking back to what we tried in part (ii) for inspiration,

b b 2ab 1
if we take g3(z) = x then this gives M3 = atab_ ca . We also have ga(r) = @ = —,
a+b a+b g3(z) x NI
2ab
which, as before, is a decreasing function. Therefore we have Ms > Ms, i.e. Vab > i 5

Hence we have:

b 2ab
at > Vab > @
2 a+b

as required.

(iv) If the curve passes through A = (a,f(a)) and B = (b, —f(b)) then we have:

f(a) = p(c — a)®
—f(b) = p(c — b)°
= f(b) =p(b— )
(c—a)®  f(a)
— b-of 1)
c—a @ 3
b—c ﬂ))

o
+
o
X
N
Hw‘;z
S| Q
SN— | —
~_
sl
Il
(=]
X
7 N
==
e
S— | —
~__
Wl
+
IS

c[E(B)]3 + c[(a)]5 = b[f(a)]3 + a [(b)]3
o _ i@’ +alf(t))?
[£(B)]5 + [£(a)]5
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Considering ¢ — m gives:

b [f(a)]5 +alf®)]°  bf(a) + af(b)
()5 + [fa))s ) +E(b)
(115 +al®)]) (1a) + £8)) = (bf(@) + af(v)) ([E)]5 + [H@)]?)
)

2 2
We know that all of the terms are positive apart from possibly ([f(b)] 3 — [f(a)] 3). We know
f(x) is positive but decreasing, and since we are raising to a positive power we know that

2 2 2
[f()]® is also decreasing. Hence we have [f(b)]® — [f(a)]® < 0 and so ¢ < m as required.
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Question 4

(ii)

(iii)

o and yo are defined in terms of x1 and y; by the equation
22 TN
(71 is the graph with equation

2

r
9

+
|
-

v
4
and G5 is the graph with equation

(g (5

9 4

Show that, if (z1,y1) is a point on Gy, then (z2,y2) is a point on Gj.

Show that G2 is an anti-clockwise rotation of (G; through 45° about the origin.

(a) The matrix
—-0.6 0.8
0.8 0.6

represents a reflection. Find the line of invariant points of this matrix.

(b) Sketch, on the same axes, the graphs with equations

y =2" and 0.87 + 0.6y = 27 00e+0-8y,

Sketch, on the same axes, for 0 < x < 27, the graphs with equations
y =sinz and y = sin(x — 2y).
You should determine the exact co-ordinates of the points on the graph with

equation y = sin(xz — 2y) where the tangent is horizontal and those where it is
vertical.
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Examiner’s report

This question was one of the less popular pure questions but still had a good number of attempts.
In the question, candidates are led through an example of how to apply the mathematics they know
to a new context and then are expected to apply what they have learnt to other problems.

For part (i) most candidates knew how to approach the problem but showed insufficient detail in
2 2
their working for full credit, usually by not making the link (z1,y1) on G; = % + % = 1 when

trying to show that (x2,y2) on Ga.

A handful did not realise the significance of the indexing on the points and instead tried to show
that the equations of the two curves were equivalent.

Almost all candidates recognised that the given matrix was a rotation matrix, but some did not
make the link between this and the relationship between the points on the curves clear.

In part (ii)(a) it became evident that a number of candidates do not know the difference between
a line of invariant points and an invariant line (in the second case points can move under the
transformation but must stay on the same line). This meant some candidates did a lot more
working than was necessary and often ended up with an extra answer, meaning that they could
not gain full credit for this part.

A few candidates used the general form of a reflection matrix in the line y = tan# and a ¢ substi-
tution to find the required line. This method also required candidates to reject one solution, which
was usually done by those taking this route.

In part (ii)(b) only the most successful candidates showed convincingly that if (z1,y;) was on the
—0.6 0.8
0.8 0.6
that the two graphs were reflections of each other and so could make an attempt at the sketch.
The most common mistakes here were assuming that the second graph was asymptotic to the y
axis and not showing the two graphs intersecting twice.

graph of y = 2% then (x1,y1) = (z1,y1) was on the other graph, but most realised

Attempts were variable for part (iii). A lot of candidates found a matrix connecting points on the

1 -2
two curves, but often had the relationship the ‘wrong way around’ with (z1,y1) = (O 1 ) (x1,91)

1 2
rather than the correct version (x1,y1) = <0 1) (x1,91).

Many candidates could differentiate the implicit equation y = sin(z — 2y) successfully and some
successfully went on to find the points where the tangent was horizontal and vertical. Some who had
found the correct transformation matrix could use this to find the points with horizontal tangents
but struggled to use a similar argument convincingly for the vertical tangents.

dy

d
Some candidates successfully set s = 0 and &
T

dy
then uncertain how they could use this to find the coordinates of the relevant points.

3
Otogetx—Qy:gorac—Zy:gbutwere

Many of the candidates who found the points with horizontal or vertical tangents could ‘join the
dots’ to complete the sketch, but some joined them in the wrong order. Many candidates laboured
under the misunderstanding that it is not possible for an implicit function to be one-to-many valued
which caused a variety of different mistakes.
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Solution

(i) If (z1,¥1) is a point on G then we have:

ﬁ+ﬁ:1
9 4

Inverting the relationship at the start of the question gives:
1
= 1
Y1 2 2 Y2
1 1
T T2+ 52
= ()=
Y1 _\/5362 + \/ﬁy2

Substituting these into the equation for G gives:

S
—

2 2
T N
-1 L1
+ 4
2 2
1 1 1 1
(J502 + Jate) N (=502 + Jawe) _

9 4
and so if (x1,y1) lies on Gy then (z2,ys2) lies on Ga.

Alternatively you can substitute for (z2,y2) in the left hand side of the equation for Go and

2 2
show that this reduces to % + %, and since you know that (z1,y1) lies on G; you know

that this is equal to 1. Care must be taken to show the implication in the correct direction
- you do not know that (x,y2) lies on Gg, so you cannot start by stating that Ga(xa,y2) = 1.

The relationship between points of the curves is given by:
1 1
- 26
=11 1
Y2 2 2 A
_ [cos45°  —sin4b° T
~ \sin45°  cos45° Y1

Therefore the point (z2,ys2) is a rotation of 45° anticlockwise of the point (z1,y1). Hence the
curve G5 is an anticlockwise rotation of G1 about the origin by 45°.

N

(ii) (a) The line of invariant points satisfies:

—-0.6 0.8\ (z\ (=
08 06/)\y) \y
== —06x+08y==x

and 0.8¢z 4+ 0.6y =y
— y=2

Hence this matrix is a reflection in the line y = 2z.
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A line of invariant points is a line where every point on the line is unaffected by the
transformation. If a transformation is a reflection then the line of reflection is a line of
invariant points, as every point on the line of reflection is unaffected by the reflection.

An invariant line is one where points can move under the transformation but move to
another point on the same line. If a transformation is a reflection then all the lines which
are perpendicular to the line of reflection are invariant lines. A line of invariant points
is a special case of an invariant line.

It is much easier to find an equation for a line of invariant points, so do be careful that
you are not making life more difficult for yourself!

(b) Consider a point (z1,y;) on the first curve and a point (x2,y2) on the second curve, so
we have:

yr =27
085 4 0.6y, = 270210802

Therefore we want:

z1 = —0.6x2 + 0.8y2
and y; = 0.8z3 + 0.6y

e ()= (o 0s) ()
— (-0 50 ()

Note that since this matrix represents a reflection, the inverse of the matrix is the same
as the original matrix!

Hence the second curve is a reflection of y = 2% in the line y = 2x.

Before sketching the graph it would be good to consider whether y = 2% meets the mirror
line at any point. By inspection, we can see that y = 2” and y = 2z meet at (1,2) and
(2,4), and by the nature of the graphs there can be no other points of intersection.

This gives us enough information to sketch the graphs.
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=

If you want to find the equation of the new asymptote you can do so by considering
what happens to a vector along the = axis under the transformation. We have:

—0.6 0.8\ (p\ _[—0.6p
0.8 06/\0/) \ 0.8p
. o —0.6 3 . .
and so the new asymptote is in the direction 08 ) = \_4) which has equation
Finding the equation of the asymptote was not necessary, but realising that the second
curve had an oblique asymptote was, and a lot of candidates lost a mark through as-
suming that the second curve was asymptotic to the negative y axis. Whilst you do not

have to draw an accurate graph, you should make sure that your graph of y = 2x has a
gradient steeper than 1 to help avoid making this sort of assumption.

(iii) Similarly to before, let (z1,y1) be a point on the first curve and let (z2,y2) be a point on the
second curve, so we have:

Y1 = sinxy

Y2 = sin(xa — 2y2)
)= ) ()
= (=66
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This matrix represents something called a shear of y = sinx parallel to the z axis. However
it is not necessary to know this to sketch the graphs, and I find this sort of transformation a
little tricky to visualise anyway so this knowledge does not help me much! The method I use
in these cases is consider what happens to some of the key points of y = sin .

Where y = sinx crosses the z axis, these points map to:
1 2\ (kr\ (k7
0 1 0/ \0
and so the two curves cross the x axis in the same places.
The maximum of y = sinz, i.e. (%W, 1), maps to:
12\ (3m\ _ (37 +2
01 1 1
and the minimum point (%77, —1) maps to:

()= 007

Noting that %w +2 > mand %77 —2 < m we have enough information to sketch the basic shape
of the curve.

(%

The affect of a shear is the = direction is to leave the y coordinates unchanged and stretch the
x coordinates by an amount which is proportional to the y coordinate. This affect is slightly
complicated when the y coordinate is negative which is why I find it is safer to work out what
the transformation does to a few special points first.
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Note the the equation y = sin(x—2y) is an implicit one, i.e. it doesn’t have y (or z) on it’s own
on one side. This means that there can be more than one y value for a single x value, which
some candidates seemed reluctant to draw. Probably the easiest implicit curve to consider is
22 + 9% = 1, and no-one seems to have a problem with this one being multi-valued!

The question also asks us to determine the points where the tangent is vertical and where it
is horizontal. Since the shear is in the x direction then the points where the tangent is hori-
zontal are the ones which come from the points on y = sinx where the tangent is horizontal,
i.e. the two points (% + 2, 1) and (37” -2, —1) found earlier.

For the points where the tangent is vertical we have:

y = sin(z — 2y)
dy dy
Vo (1-2%Y )
e < dx) cos(z — 2y)
dy  cos(z —2y)

dz 1+ 2cos(z — 2y)

Where the tangent is vertical we have:

d
dr _
dy
= 1+ 2cos(x —2y)=0
1
oY) = ——
cos(z — 2y) 5
. 9 27 Arw
T — oy == 2 ...
y 3737
Ifx—2y= 2?” then we have y = sin(x — 2y) = @ and so:
27
oy =21
T—2y =
27
2
x=§+\/§

and so one of the points where the tangent is vertical is at (%ﬂ + /3, @)
47 V3

Similarly if x — 2y = % then we have y = sin(z — 2y) = —*" and by using a similar method
we have the other point where the tangent is vertical being at (%’r — V3, —@)
Looking at the graph that we have drawn for this question these results seem plausible!

You an also use the gradient method to find the points where the gradient is horizontal. We

have:
dy
A—,
dx
= cos(x —2y) =0
. 9 T 3w
r— oy = — 2= ...
y 27 2 )
Then following the same method as above will give the points (g + 2, 1) and (%” -2, —1) .
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Question 5

5 Three points, A4, B and C, lie in a horizontal plane, but are not collinear. The point
O lies above the plane.

—
Let OA:a,O?:bandO?:c.

P is a point with O? = aa+b+c, where «, 8 and 7y are all positive and a+5+v < 1.
Let k=1—(a+8+7).

(i) The point L is on OA, the point X is on BC and LX passes through P.
a

Determine 07 in terms of 3, v, b and ¢ and show that 07 = B
«

a.

(ii) Let M and Y be the unique pair of points on OB and C'A respectively such
that MY passes through P, and let N and Z be the unique pair of points on
OC and AB respectively such that NZ passes through P.

Show that the plane LM N is also horizontal if and only if OP intersects plane
ABC at the point G, where 0C = f(a+b+c). Where do points X, Y and Z
lie in this case?

(iii) State what the condition o+ 3+~ < 1 tells you about the position of P relative
to the tetrahedron OABC.

Examiner’s report

This question was the least popular pure question by a large margin, and of the attempts made
less than half were ‘substantial’ attempts.

As is often the case with vector questions, a carefully drawn diagram can be very helpful in selecting
an appropriate method for solving the question and the most successful candidates made good use
of this.

Various methods were used in part (i), but mostly these involved finding vector equations of
relevant lines and manipulating these to show the required results. Candidates should be aware
that questions on the STEP papers need enough justification to fully support their solutions. Many
candidates lost accuracy marks through their argument not being convincing enough or lacking some
details.

Part (ii) had some very good solutions, but many candidates found it difficult to understand what
it means for LM N to be horizontal. A clear diagram here would have helped candidates to find a
solution method.

Some candidates tried to do both directions of the ‘if and only if’ in one go. They usually did not
gain full marks here, either because they did not link one pair of statements with an if and only
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if symbol or because they did not appreciate that one step needed a different approach for each
direction of implication. It is always ‘safer’ to approach each direction of implication separately.

g

«
The most common issues were not using k # 0 when justifying Pta p = a = f, or for
«@

not convincingly explaining why a = § = v means that LM N was horizontal.

Part (iii) required a one-line answer, and some candidates who had taken the time to read the
whole question successfully answered this part even if they had not answered the previous parts.
Some candidates confused ‘positive’ with ‘non-negative’ and stated that point P could be inside or
on the faces of the tetrahedron.

Solution

You might like to have a look at STEP 1 1987 Question 9 for a more on points of the form
aa+ Bb + vye.

For a lot of vector questions a diagram will help you work out how to solve the problem. The
first diagram I drew (and in fact used to solve the whole question) had O below the plane ABC,
though that doesn’t affect any of the working in this case!

The fact that ABC' is horizontal does not matter, it could be vertical or at any angle and the
solution method would not change.

There is a slight notational subtlety that should be mentioned, which is that O*X2 represents the
vector between points O and X and OX is the (infinite) line that passes through O and X.

(i) Since L is on OA we have OL = $a. Since X is on BC we have:

OX = OB + ABC
:o-1§+A(—0‘B’+O?)
— (1-\)OB +20C

=(1-XNb+ X

We also know that P is on LX), so in a similar way we have:

OP = (1 - )01 + uOX

= (1—p)da+ p[(1 —A)b+ Ac]

Since A, B and C are not collinear then we know that we cannot write one of the vectors a,
b and c in terms of the other two. This means that the coefficients in the two expressions
OP = aa + Bb + vc and oP = (1 — p)da+ p[(1 — A)b + Ac] must be the same. Equating
coefficients gives:

a=(1-p)d (1)
B=pl-=2x) (2)
v = pA (3)
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Adding (2) and (3) gives:

p=p5+~
_Y__7
poo Bty

Substituting this into the expression for O—)(2 gives:

OX = (1 - A)b+ Ac

(1 Y
<1 ﬁ+7) +B+7C
B bt

T B+ 5+7C

Substituting for x into equation (1) gives:

o
5:
1—p
- o
1—5—vy
o«
Ckta
and so we have 07 - a as required.
k4«

Note that the command words in this part were “Determine” and “Show That”. This
means that you need to show enough working to fully justify your answer and the flow
of logic through the solution should be clear. However it is always advisable to show full
justification for all your solutions, unless the question makes it clear that you don’t need to
by stating “Write Down” or “State”.

There are other ways you could approach this, such as using (7)? = 07 + 17() = 07 + )\I?,

or equating two different expressions for LX. But in all cases you are finding two different
expressions for one vector and eqauting the coefficients of a, b and c.

«

k+ o

(ii) In the previous part we showed that OX = b+ 715 ¢ and that Ol =

B+ a. By

symmetry we also have:

«Q B
a—+ C
o+ o+ 7y
B,
k+p
@ a—+ b
o+ B+

ON=-—"_a
k+~

= 2
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For this part a diagram is very helpful:

0

—
From this we can see that plane LM N is parallel to plane ABC' (and so is horizontal) if LM
is parallel to 1@ and m is parallel to 1@ (You can consider any two pairs of vectors here).

A little bit of care is needed with the “if and only if”, and it is safest to consider each direction
separately.

If LM N is horizontal then we know that m is parallel to E . We have:

LM = OM - 01,
_ B«
= i° hrad
=Ab—a)

—
Where the last line comes from LM is parallel to ﬁ .

This means that we have:

I5} «
m:k—l-a
Bk +a) = alk+5)
kB = ka

Similarly if I7\7> is parallel to /ﬁ then we have o = . Therefore we have @ = § = ~.
Therefore we have OB = a(a+b+c).
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The equation of the plane ABC isr =a+ A(b—a)+ u(c—a) = (1 — X\ — p)a+ Ab + pc.
Where O—}>7 meets the plane we have A\=py=1—-p— A = p=A= % Therefore point G
satisfics OC = (a+b+c).

This means that we have shown that LM N horizontal implies that OP intersects plane ABC
at the point G where 0C = %(a+ b +c).

For the other direction of implication, if we know that OP passes through point G then we
must have:

0P = 00

1
aa+ﬁb+7c:§)\(a+b+c)

— —
Therefore we have LM = %b — 71a2 = 574 (b—a) and so LMis parallel to AB. Similarly

we have m is parallel to /ﬁ and so plane LM N is parallel to plane ABC.

Note that there are two steps which are slightly different in the two directions of implication.
In the first direction we have to use the fact that k # 0 to conclude that o = 8 = v — this step
does not appear in the second direction. Also, in the first direction we need to show that the
point G satisfies OG = %(a—}—b—}—c), this also does not have to happen in the second direction.

When 3 = v we have O—X2 = %b—i— %c = 1(b+c) and so X is the midpoint of BC. Similarly
Y is the midpoint of AC' and Z is the midpoint of AB.

There are other ways of showing that plane LM N is parallel to plane ABC' including:

e  Show that L, M and N are the same proportion of the length along OA, OB and OC,
ie. |OL| = \OA|, |OM| = AOB| and |[ON| = A\|OC|

° T_>he plane ABC has directions b—a and ¢ — a, 5o plane LM N is parallel if we can write
LM =r(b —a)+ s(c — a) and similarly for LN.

e  Considering the normal to plane ABC, n = (b — a) x (c — a) and the normal to plane
LMN.

(iii) The fact that o + 8+ v < 1, combined with the fact that a, § and v are all positive, means
that P lies inside the tetrahedron OABC.

In STEP questions “positive” means strictly greater than zero. If a value is greater than or
equal to zero then we call this “non-negative”.

Note that if we had o = 0 then point P would be on face OBC of the tetrahedron.

Note here that the question said “State” which implies that no working was necessary, and
there was only one mark allocated to this part.
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Question 6

6 (i) Let a, band ¢ be three non-zero complex numbers with the properties a+b+c =0
and a? +b% + % = 0.

Show that a, b and ¢ cannot all be real.

Show further that a, b and ¢ all have the same modulus.

(ii) Show that it is not possible to find three non-zero complex numbers a, b and ¢
with the properties a + b+ ¢ = 0 and a>® + b> + ¢* = 0.

(iii) Show that if any four non-zero complex numbers a, b, ¢ and d have the properties
a+b+c+d=0and a®+ b+ >+ d® = 0, then at least two of them must have
the same modulus.

(iv) Show, by taking ¢ = 1, d = —2 and e = 3 that it is possible to find five
real numbers a, b, ¢, d and e with distinct magnitudes and with the properties
at+b+c+d+e=0anda®+03+c3+d3+e3=0.

Examiner’s report

Question 6 proved to be quite challenging for many candidates, with a significant number scoring
fewer than 5 marks and only attempting part (i), or part (i) and part (ii).

In part (i), the first mark was easily earned for strict inequalities or stating the only solution is
the zero solution but was not earned if it was stated that “the square of any real is positive” rather
than any non-zero real. For the rest of the question, it was very common for candidates to attempt
to consider each of a, b, ¢ in the form = + yi, and then substitute in to obtain four equations in six
variables. Those that tried this invariably made no progress. While it is possible to answer the
question using real and imaginary parts, it requires far more work and so no credit was awarded
for just writing down these four equations. Those who left the algebra in terms of a,b, ¢ or used
the roots of a quadratic tended to answer this part well.

Part (ii) also saw attempts to split a,b,c into real and imaginary parts. This saw no further
progress, or credit. The most common way that this question was answered was by writing down
an identity relating the sum of cubes to the cube of the sum. This identity could be written in
several equivalent forms, and saw many errors in the coefficients and signs, for which candidates
were penalised accuracy marks.

Careful thought about presentation was required before commencing the algebraic manipulation
to part (iii) to avoid introducing sign and arithmetic errors. Complicated identities were common
and often contained errors. Establishing that abc + bed 4+ acd + abd = 0 was a common approach
and led to considering the roots of a quartic.
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Part (iv) was generally well answered. Most candidates that attempted it were able to identify a
quadratic and solve it. Several candidates that could not solve some of parts (i), (ii), (iii) skipped
straight to this part and picked up some marks. This is good general exam practice and STEP
candidates should remember that subsequent parts of a question can often still be answered even
if an early part seems challenging.

Solution

(i) We are told that a, b and ¢ are non-zero. If a is real and not equal to zero then we know that
a®? > 0, and similarly for b and ¢. Therefore if all of a, b and ¢ are real and non-zero we have
a’® +b>+c? > 0 which is a contradiction. Therefore at least one of a, b and ¢ is not real. Note
that since a + b + ¢ = 0 then this means that at least two are non-real.

We have a = —b — ¢, so a®> = (b + ¢)2. This means that we have:
a?+b+c* =0
24 (b+¢)? —2bc=0
a® + a® = 2bc
a? = be

The second line here is an example of “adding zero creatively” - By adding in “2bc — 2b¢” we
can complete a square and make things look nicer.

By symmetry we also have b?> = ac and ¢ = ab. Therefore we have a® = b® = ¢ = abc and
so |a| = [b] = [c].
Alternate method. Using a? = (b + ¢)? we have:
A+ +c=0
b +2bc+ 2+ b2+ =0
b +bc+c*=0
—c+ V% —4c?
— b =
2
(—1 + i\/§>
b=c|——
2
1+3
Note that 5 = = 1, hence we have |b| = |c|, and by symmetry we have
laf = [b] = [¢].

(ii) Using a = —b — ¢ gives:
a®+ b+ =0
(=b—cP+b*+c2 =0
b —3b%c—3b? -+ + =0
3bc(b+¢) =0
= b4+c=0 asbc#0
But if b 4+ ¢ = 0 then this implies that a = 0.

Therefore it is not possible to find three non-zero numbers that satisfy the equations.
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(iii) Using the sum of two cubes factorisation we have:
A+ +E+d =0
(a+0b) (a® —ab+b%) + (c+d) (62 —cd+d*) =0
(a+0b) (a®> —ab+b%) + (—a—b) (> —cd+d*) =0
(a+b)<a2—ab+b2—62+cd—d2> —0

So either a = —b so they have the same modulus, or:

a>—ab+b* = —cd+ d?
(a+b)? — 3ab = (c + d)* — 3cd
3ab = 3cd as (a+b)% = (c+d)?

cd
Hence we have a = n and so:

a+b+c+d=0

%—l—b—i—c—i—dzo

cd+b*+ceb+db=0
(b+c)(b+d) =0

So either b = —c or b = —d and so two numbers have the same modulus.
(iv) If c=1,d = —2 and e = 3 then we have:
a+b+2=0
@ +b2+20=0
a®+(—a—2)>+20=0
A —6a® —12a—8+20=0

a2+2a—220
—24+ 4+ 8
¢ag= —
2
a=-1+3

Therefore if we take a = —1 4+ /3, b= —1—+/3, ¢ =1,d = —2 and e = 3 then we have five
real numbers with distinct magnitudes that satisfy the given equations.
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Question 7

7 Let f(z) = V22 +1 — .
(i) Using a binomial series, or otherwise, show that, for large |z|, VrZ+ 1~ || +
1
2Jz|
Sketch the graph y = f(z).
1
(ii) Let g(z) = tan~'f(z) and, for = # 0, let k(z) = § tan™? -

(a) Show that g(z) + g(—z) = .
(b) Show that k(z) + k(—z) = 0.
(c) Show that tank(x) = tang(z) for > 0.

(d) Sketch the graphs y = g(x) and y = k(z) on the same axes.

0

1
(e) Evaluate / k(z) dz and hence write down the value of / g(x)de.
0 -1

Examiner’s report

In part (i), some candidates tried to expand v/1 + x2 as a series in increasing powers of z2, not
appreciating that they needed |z| to be small for such an expansion to be valid.

A lot of candidates used the expansion to correctly identify the asymptotes of f(x).

In part (ii)(a), the most common approach was to consider tan (g(z)-+g(—x)), which, using the tan
double angle formula, “= 00”. Only a small number justified their answer by using the positivity
of f(z) to get 0 < g(x) + g(—x) < m. Many candidates then simply stated the answer, or wrote

g(z) + g(—r) = tan"! oo, stating that this is g A common theme in this question was a lack of

consideration of ranges/domains of the trigonometric functions which meant there were marks that
were unavailable.

Part (ii)(b) was done well in general, with many candidates knowing that y = arctanz is an odd
function. Some overcomplicated it, using the double angle formula again, and not gaining a mark
for justifying the range of k(z), i.e. tan (k(z) + k(—z)) =0 =~ k(x) +k(—z) = 0 in general.

In part (ii)(c), the most common approach was again to use the tan double angle formula, realising
that tan (2k(z)) = 27!, and arriving at a quadratic for tan (k(z)). Marks were again unavailable
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for those candidates that either did not attempt to solve the quadratic or did solve for the two
roots but then not explaining why tan (k(z)) = f(z) was the correct root to choose.

There were also some nice geometric arguments for part (ii)(c), drawing a right-angled triangle
with angle 2k(x), then bisecting the angle and finding the side lengths of the smaller right-angled
triangle with angle 2k(z) to find tan (k(z)).

The sketches in part (ii)(d) were good in general, although some candidates’ sketches contradicted
the relations for g(z) and k(z), given in the question, for example sketching k(x) as an even function,
or not using tan (k(z)) = tan (g(z)) for z > 0

Part (ii)(e) was done well by candidates who attempted it. Some overcomplicated the integral by
changing variables, but the majority realised they could integrate by parts directly. For the last
part, candidates either used their sketches to find the right area or integrated the relation in part
(a) directly using part (c).

Solution

(i) Note that a square root always returns a positive value, for example /(—2)? = Vi=2 In
general we gave Vz2 = |z|.

We have:
1\3
2
(@® + 1) = Va? <1 - 2)
x
1\2
— 1 _—
ol (14 %)
=lz| 1+ ! X ! +
- @ 2 a2
N 1
lz] {1+ T for large |z|
1
= Val+1l=|z|+
2|
1 1 . .
So as x — +oo we have f(x) ~ |z| + 3] T = and the graph tends to the z axis in this
x x
direction.
1 —1
As x — —oo we have f(z) = |z| + — o] —T= 5o 2z, and so the graph tends to y = —2z as
x
r — —00.

The gradient of the graph is given by:

1
f'l(z) =1 x2zx (2?2 +1)"2 — 1
e
z?2+1

This means that the gradient is always negative. Note also that as x — oo, f'(x) — 0 and as
x — —oo. f'(x) — —2 which matches our asymptotes.

When « = 0 we have y = 1.
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This gives us enough information to sketch the graph:

1)

\

"X

(ii) (a) Consider f(x)f(—z):

f(z)f(—2) = (Va2 +1—2) (Va2 +1+2)
=22 +1—2?
=1

We also have tan (g(z)) = tan (tan™! (f(z))) = f().

Note that tan (tan_l («9)) =6 BUT tan~! (tan (9)) is NOT necessarily equal to 6. You
can use a sketch of y = tanz to convince yourself of this.

Therefore we have:

tan (g(z)) tan (g(—z)) = f(z)f(-z) =1
— sin (g(x)) sin (g(—x)) = cos (g(z)) cos (g(—))
= cos (g(x)) cos (g(—x)) — sin (g(z)) sin (g(—x)) =0
cos (g(z) +g(—z)) =0
= g(z) +g(—=z) = g +mm

We know that f(z) > 0 for all z, and so g(z) = tan™! (f(z
g(—x) € (0,m).
Therefore we have g(z) + g(—z) =

~—

) € (0,%), and so g(z) +
5
First time I did this question I considered tan (g(ac) + g(—w)) and found that this was

undefined. With some vigorous hand waving I said that this mean that g(z)+g(—z) =
but this didn’t feel like an entirely satisfactory method.

s
2
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(b) We have:

as required.

1
(c) When z > 0 we have — = tan (2k(z)). Using the double tan formula we have:
x

% = tan (2k(z))
~ 2tan k(z))
1 — tan? (k(z))
— 1 — tan® (k(z)) = 2z tan (k(z))
0 = tan? (k(z)) + 2z tan (k(z)) — 1

tan (k(z)) s 24962 .

tan (k(z)) = —z £ Va2 +1

Since = > 0 we know k(z) € (0, %) and so tan (k(z)) > 0 and we have:

tan (k(z)) = Va2 +1-=
= f(z)
= tan (tan™" (f(z)))
= tan (g(z))
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(d) For z > 0 we have k(z) = g(z) = tan™* (f()).

For z < 0 we can use parts (ii)(a) and (ii)(b) to get:

g(—x) = 57— g(2)
k(—z) = —k(x)

This gives us enough information to sketch the graphs:

\/
X

(e) We have:

— N
8
[
o
B

VY

I\T! 1 1
1()} —/3:><2><—a:2da:
/do oo 14 (3)
1
X
d
+/0 1+ a2 x)

;[;mu+x%r

=1

+

0

+
~|E
[\

o\.
2.

-
—~
8
S~—
(oW
=
I
@[ ooy i NI O\H
| =
-+
o
b|
AR
N
SHE
N———
o,
&

The derivative of tan~! z can be found by using tany = z and implicit differentiation,
but it is a useful result to just “know” rather than deriving it each time.

Using our diagram from before we can see that:

_ T In2
2 8 4
_3m_ 2
8 4
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The last command is “write down”, so no justification needed in obtaining the last
integrall
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Question 8

8 (i) Show that

NL+1 2 z”L z”l' 1
B 72«771,-"-1 < - Z> ( + z?)L) + < o z?]L—l) :

Hence prove by induction that, for n > 1,

1 1\ — 1
2 o 2r—1
z"—zm—<z—z)2<z’” +22T_1>-

=

—_

1 1
Find similarly 22" — —5,, as a product of <z + ) and a sum.
z z

(ii) (a) By choosing z = ¢!, show that

sin 2nf = 2sin 6 Zcos(?r —1)0.

r=1
b) Use this result, with n = 2, to show that cos 27 = cos i7 — 1 .
( ; ) B 5 2

(c) Use this result, with n = 7, to show that cos %77 + cos 14—577 + cos %77 TF

6 1
COSETF—z.

(iii) Show that sin ﬁw — sin %77 + sin 15—477 = % .

\.

Examiner’s report

In terms of the number of attempts, this was the second most popular question. The induction in
part (i) was generally done very well with a clearly laid out proof. The fifth (method) mark in
part (i) was often gained by finding a relevant identity. However, the final mark in part (i) was
missed by a large majority of candidates due to not handling the alternating sign in the summation
correctly. The summation is quite tricky in this respect, requiring the notation to be set up so that
either the final term in the sum is positive, if terms are kept in the same order as for the previous
part, or reversing the order of the sum (in which case the first term is positive).

Candidates often missed out on one or both marks in part (ii)(a) due to forgetting factors of 2
and i.

Most candidates that attempted parts (ii) (b) and (ii)(c) gained two method marks for successfully
substituting a valid value of 6 in both. However, a significant number of attempts at parts (ii)(b)
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and (ii)(c) did not gain full credit due to insufficient justification when manipulating trigonometric
expressions. In general, candidates who stated the trigonometric identities they were using, or which
specific terms were equivalent were successful here. Those that did multiple steps at once without
justification often missed out on marks because it was not possible to pick out the results they had
used. It is very significant here that the answer was given. Candidates should in general attempt
to give more details when proving an answer given in the question to show they understand the
intermediate steps between the starting point and given answer.

Most candidates did not attempt part (iii). The successful attempts were from candidates who
had given very clear answers to previous parts. There were a few different choices of n and 6 that
led to the required result.

Solution
(i) Starting on the right hand side we have:

() 2) (=)

1 1 1
+1 1 1
=" =T g st <Zm - >

as required.

When n = 1 we have:

Therefore the statement is true when n = 1.

Assume that the statement is true when n = k£ so we have:

k
1 1 1
2% _(._1 2r—1
ST (z Z) > (z + 227‘—1)

r=1

Now consider the case when n = k + 1:

2kt _ 1 okpe
2061 1) 212

1 %k-+1 1 ok 1
_<Z_z><z T ok ) T\ T
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Which is the required result when n = k + 1. Therefore if the statement is true when n =k
then it is true when n = k + 1 and since it is true when n = 1 it is true for all integers n > 1.

For the second result first note that:

1 1 1 1
+1 m m—1
S Zml (Z + z> (z a z:’”) a (Z - zml)

Since this one is not a given result you don’t have to show as much working, though it is a
good idea to expand the right hand side in your head to double check the result!

CLAIM:

When n = 1 we have:

Which is true.

Assume the statement is true for n = k so we have:

1 1 i 1
2k n—r 2r—1
R Z E -1 _
‘ 22k <Z z) r—l( ) (z z2r—1>

Consider the n = k + 1 case, so we have:

2k _ L e L
S2(k+1) S2k+2
_ 1 2%k+1 1 o 1
= <Z + Z) <Z = T
1 1 1\ & 1
_ 2k+1 n—r 2r—1
= (z - z) (z 22k+1) <Z + z) > 1:(_1) (Z - Z27‘—1>
r=
1 1 k 1
_ 2k+1 — 2r—1
= <Z+ Z) ( 22k+1> - § :(_1)n " (Z - 227‘1)]
r=1
k41
1 1
_ t1-r  2r—1
= <z + z) (=) <z T — 22r_1>

Therefore the claim is true.
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(ii) (a) We know that sinf = 27.6 and cosf = — Taking z = e we have:
i

1 : .

2 _ .2ni0 _ —2nif
Zn_ﬁ_em _ o 2ni

n

_ (eie _ eio) Z (e(27~—1)19 + e—(2r—1)i0)
r=1

n
= 2isin2nf = 2isind Y 2cos(2r — 1)f

r=1

= sin2nf = 2sin02005(2r —1)0

r=1

(b) Taking n = 2 we have:

(c)

2
sin46 = 28111(92008(27’ - 1)
r=1
sin40 = 251n<9(cos€ + cos 30)

Let€:7r

. Am Lo T 3
sm?:2sm— COS — + COS —

5 5 5
. . T 2
si’— = 2siy’— | cos — — cos —
5 //;( 5 5>
1 T 2
—> — = COS— — COS —
2 5 5

Where the penultimate line above uses the facts that sin# = sin(w — 6) and

cos ) = — cos(m — ). Therefore we have cos %’r = cos g — % as required.

These symmetries for sin and cos can just be stated without justification, but I tend to

sketch out the graphs of sin and cos just to make sure I have the correct signs!

Taking n = 7 we have:

7
sin 140 = 2sin 6 Z cos(2r — 1)6
r=1

sin 140 = 2sin 0( cos 6 + cos 30 + - - - + cos 136)

T
Let § = —:
¢ 1

Sin = zSIn COS 15 COS 15 COS 15

15 15
. _ o T n 3T 4y 137
%_ % O TS 5
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At this stage a little pause for reflection is a good idea. We could replace some (or all)
of the cos terms with their symmetric equivalents, but then it’s quite hard to see how
this would reduce the 7 cos terms to just 4.

We do have cos 116; = cos (7T + 15) —cos 15 which might be useful. We also know from
the previous paurt1 that cos 25” = cos g — 5 and so cos ?g = cos % — 5. We also know

5t __ _ 1
that cos {5 = cos § = 3.

Using these results we have:

1 T 3T 51 Vs 117 137
5—0081—5—1—0051—5—l—cosl—5—i—cosﬁ—i—cosﬁ—kcosﬁ—i—cosﬁ
1 167 om 1 1 T 97 117 137
2:—cosl5+<cos+2>+ —i—cos—%—cosl—,{_)—Fcos1—5—H:osl—5
1 167 2
—2:—cos+%—cos—%—cos—cosl5
1 167

- i—cosl—5+cosﬁ+cosﬁ+cosl—5

(iii) For this part we probably want to use the other identity we found in part (i), since we haven’t
used it yet and this is the last part of the question!

Taking z = €' we have:

2n i _ + 1 Zn:(_l)nfr 2r—1 1
o son o\ o S2r—1

r=1

= sin(2n#) = 2cos b Z(—l)”*r sin(2r — 1)6

r=1

Taking n = 3 and 6 = { gives:

o6m _9 T T 3T n 5m
sm14 cos14 sm14 s1n14 311114

Since sin 6 = cos (3 - 9) this becomes:

2

T T T 3T 51
cos — = 2cos — | sin — — sin — + sin —

14 14 14 14 14
o = Sinqy —singy Fsingy

1One tip for getting unstuck on the later parts of a STEP question is to look back at the earlier parts and see if
there is anything useful there that you can use!
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Question 9

9 In this question, n > 2.

(i) A solid, of uniform density, is formed by rotating through 360° about the y-axis
the region bounded by the part of the curve »" 1y = r™ — 2" with 0 < = < r,
and the x- and y-axes.

nr

2(n+1)

Show that the y-coordinate of the centre of mass of this solid is

(if) Show that the normal to the curve r"~1y = 7" — 2™ at the point (rp,r(1—p")),

1
where 0 < p < 1, meets the y-axis at (0,Y), where Y =r (1 —p" — H) .
np

In the case n = 4, show that the greatest value of Y is ir.

(iii) A solid is formed by rotating through 360° about the y-axis the region bounded
by the curves 73y = r* — 2% and ry = —(r? — 22), both for 0 < = < r.

A and B are the points (0,—r) and (0,r), respectively, on the surface of the
solid.

Show that the solid can rest in equilibrium on a horizontal surface with the vector
ﬁ at three different, non-zero, angles to the upward vertical. You should not
attempt to find these angles.

\

Examiner’s report

This question had the least number of attempts with a relatively small number of substantial at-
tempts. Overall, this question was not done well, with only a small number of candidates achieving
half marks or more. A significant number of candidates got 0, 1, or 2 marks in total for the question,
with the main issue being getting started by knowing a suitable formula for the centre of mass.

In part (i), many candidates overlooked fact that the curve was rotated about the y-axis, rather
than the usual z-axis, and didn’t change their formula to the correct variables.

Often candidates skipped straight to part (ii), which was done generally done well. Part (iii) did
not have many attempts. Of those candidates that did answer this part, most were only able to get
the first few marks for finding the centre of mass of the full shape. The final part (showing there
are multiple ways to balance the solid) was not attempted enough to observe any patterns but
it was clear that candidates struggled to demonstrate clear understanding of how the equilibrium
condition relates to the position of the centre of mass.

STEP 3 2025 Worked Paper 45


https://step.maths.org

UNIVERSITY OF
) CAMBRIDGE

step.maths.org
Solution

(i) Using the formula for the y coordinate of the centre of mass we have:

[mya?dy  [ya*dy
[rx2dy  [22dy

g:

Rearranging the equation of the curve gives:

o= P

Y
x”zr”(l—g>
1

Working out the integrals:

and:

— 2 3 T 2
[ -0 -0
3 _ 72T
:(211) (i+r2)< ) +]0

Therefore we have:

as required.
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d n—1
Differentiation gives d—y -
T

(i) We have y =r — o= T

The equation of the normal through the point with = rp and y = r(1 — p") is:

Tnfl

y—r(l-p")= W(ﬂﬂ—ﬁ?)
1
y—r(l—p") = W(l‘—rp)

rp
npn—l

1
er(l—p"— 2)
np"—

1
Y=r 1p4)
< 4p?

r=0 = Y=r1-p")—

When n = 4 we have:

Differentiating gives:

2

d?y 3

Since the second derivative is i <—12p2 — 24> < 0 then this value of p will maximise
p p

Y.

Therefore:

(iii) A diagram is not strictly necessary for this question, but might help to get an understanding
of the situation.

The last paragraph is rather wordy, but is basically saying that there are three different posi-
tions where the shape can balance and not tip over. The wording of the paragraph has been
chosen to make this idea mathematically precise.

If a point on the surface is a “balancing point” (i.e. the solid can rest in equilibrium at that
point) then the normal to the surface at that point must pass through the centre of mass of
the whole solid.
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Note that the points (0,7) and (0, —r) are “balancing points”, but these are excluded by the
requirement for the axis of symmetry of the solid to make a non-zero angle to the upwards

vertical.
nr

From part (i) we have the y coordinate of the centre of mass equal to § = m Therefore
n

the centre of mass of the “top” part of the solid is at <0, 21T +1 ) ( % ) and the centre of

mass of the “bottom” part is at (0, —%) = (0, —%r).

If the mass of the top part is m, and the mass of the bottom part is mo then the y coordinate
of the centre of mass of the whole solid is given by:

2 1
5T><m1—§7“><m2

y= mi + mg

We know that the mass of a shape is proportional to the volume, which in turn is proportional
to [ x2dy. Therefore we have:
_ 2
mp =k / r-dy

 kr?

(1+1)
kr3

ma = -5
(G+1)
3
Where here we are using the expression for [z?dy = m found in part (i).
n
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So we have:
_ %’I" X mi é’l“ X mg
v= my + ma
2 kr3 1 kr3
TG 3T By
- kr3 kr3
G TG
_drxiodexd
= 2 | 1
372
_ 8r — br
20+ 15
_3r
35

For a point on the edge of the solid to be a “balancing point” we need to normal to that

3r 3r
point to pass through <O, 35> Hence we need to find the number of solutions to Y = 35"
and we want solutions for p that satisfy 0 < p < 1. Note that we don’t need to actually find
the solutions.

For the “top” part this means we need:

1 37

1-pt— =)=

’ < 4p2) 35
140p% — 140p° — 35 = 12p?

140p% — 128p*> +35=0

If we let p? = ¢ this becomes a cubic equation 140¢® — 128¢q + 35 = 0.

We know that this cubic y = 140¢® — 128¢ + 35 passes through (0,35) and if you take ¢ = 1
it passes through (1,47).

If we try q = % we find that the curve passes through (l —%), and since it is a continuous

29
curve there must be two roots, one with ¢ € (0

, %) and one with g € (%, 1). Therefore there
are two possible values of p satisfying 0 < p < 1.
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3“

(\,tf?\)
0,39 T
o gy
{0\

6,2

L 4

For the “bottom” part of the curve we need:

1 3r
—T(l—p2—2):35

—(70 — 70p* — 35) =6
70p% = 41
41

P:%

Therefore this is a third “balancing” point, and so we have three balancing points in total.
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Question 10

10 A plank AB of length L initially lies horizontally at rest along the z-axis on a flat
surface, with A at the origin.

Point C' on the plank is such that AC has length sL, where 0 < s < 1.

End A is then raised vertically along the y-axis so that its height above the horizontal
surface at time ¢ is h(t), while end B remains in contact with the flat surface and on
the z-axis.

The function h(t) satisfies the differential equation

d%h ; . dh
@_—w h, w1thh(0)—0and5—wLatt—O,

where w is a positive constant.

A particle P of mass m remains in contact with the plank at point C.

(i) Show that the z-coordinate of P is sL coswt, and find a similar expression for
its y-coordinate.

(ii) Find expressions for the z- and y-components of the acceleration of the particle.

(iili) N and F are the upward normal and frictional components, respectively, of the
force of the plank on the particle. Show that

N = mg(1l — ksinwt) cos wt,

and that
F = mgsk + N tanwt

L
where k = i.

(iv) The coefficient of friction between the particle and the plank is tan «, where «
is an acute angle.

Show that the particle will not slip initially, provided sk < tan a.
Show further that, in this case, the particle will slip

e while N is still positive,

e when the plank makes an angle less than « to the horizontal.
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Examiner’s report
This question did not receive very many attempts.

Part (i) was generally done well, although a significant portion of candidates did not draw a diagram
and didn’t correctly calculate y, i.e. not performing the necessary subtraction. This meant errors
followed through to subsequent parts.

Part (ii) was generally done well.

A good portion of those that attempted part (iii) realised they had to resolve in two directions
(either horizontal and vertical or parallel and perpendicular), and made a good attempt to do
this. Choosing to resolve horizontally and vertically proved to be more straightforward. Those
that chose to resolve parallel and perpendicular often had some difficulties with calculating the
resultant acceleration.

Part (iv) was not answered successfully on the whole. Considering the equivalent problem when

the plank is not moving may have led to considering ¢ = g, leading to the key idea that F' < uN
w
Whent:OandF>uNwhent:g.
w
Solution

The equations for h(t) are SHM equations, but we are only considering the first “up and down” of
A, as A cannot pass below the surface.

The setup looks like this:

b\

X

ofF——— = —>>

As in almost all mechanics questions a good starting point is drawing a (clear!) diagram. Rules
are to be encouraged.
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d*h
(i) The general solution of the SHM equation o —w?h is h(t) = Pcoswt + Qsinwt (or you

could use h(t) = Rsin(wt + «), or h(t) = Rcos(wt + «)).

dh
Using h(0) = 0 gives P = 0, and using T wlL when t = 0 gives Q = L. Therefore we have
h(t) = Lsinwt. This means that at time ¢ we have ZOBA = wt.

Adding on a horizontal line at the point where P is on the slope gives two similar triangles.

h

> X

O L Gos Wk B

The lengths on the smaller QP A triangle are all multiples of the lengths of the larger OBA
trangle, with a scale factor of s.
The coordinates of P are (sL cos(wt), Lsin(wt) — Lssin(wt)) = (sL cos(wt), (1 — s)Lsin(wt)).

(ii) Differentiating with respect to time twice gives:

# = —w?sLcos(wt)
i = —w*(1 — s)Lsin(wt)
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(iii) The forces acting on the particle are shown below:

DA

>

Using F' = ma horizontally we have:
m(— sLw? cos(wt)) = N sin(wt) — F cos(wt)
— F cos(wt) = N sin(wt) + msLw? cos(wt)
And using F' = ma vertically we have:
m( — (1 — s)Lw?sin(wt)) = N cos(wt) + F sin(wt) — mg
Substituting for F' in this last equation gives:

sin(wt)

m( — (1 — s)Lw?sin(wt)) = N cos(wt) + [N sin(wt) + msLw? cos(wt)} —mg

cos(wt)
m(s — 1) Lw? sin(wt) cos(wt) = N cos?(wt) + sin(wt) [N sin(wt) 4 msLw? cos(wt)} — mg cos(wt)
—mLw?sin(wt) cos(wt) = N cos®(wt) 4+ N sin?(wt) — mg cos(wt)
— N = mygcos(wt) — mLw? sin(wt) cos(wt)
L 2
N = mg cos(wt) (1 2 Sin(wt)>
g

N = mg cos(wt)(1 — ksin(wt))

as required.

Using the horizontal expression for F":
F cos(wt) = N sin(wt) + msLw? cos(wt)
F = N tan(wt) + msLw?
F = N tan(wt) + msgL;}2
F = N tan(wt) + msgk

as required.
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(iv) Initially t = 0 and then we have N = mg and F' = mgsk.
We have:

F—uN=F—umg
= mgsk — umg
=mg(sk — )

and as long as this is negative then F' is less than the limiting friction and the particle will
not slip. Hence it won’t slip as long as sk < y = sk < tana.
Now consider what happens when ¢ = 2. At this time we have:
F =mgsk + N tan «
This gives F'—uN = mgsk > 0, and so F' > uN and the particle has slipped before t = 2 i.e.

we have wt < « and so the particle slips before the plank makes an angle of « to the horizontal.

Therefore there exists a time T" with 0 < T" < 7 with F' = uN at which point the particle
slips. At this time we have:

F—uN  mgsk+ N tanwT — uN
mg mg

N
0=sk+ —(tanwT — tan )
mg
N sk
:> _— —
mg  tana — tanwT

We know that m, g, s, and k are all positive, and since 0 < T < 2 = 0 <wT < a < 90°
(since we know that « is acute) we know that tan o > tanwT'.

Therefore we know that we have NV > 0.
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Question 11

11 (i) Let A > 0. The independent random variables X1, Xs,..., X,, all have proba-
bility density function
— At >
f(t) = { e t>0

0 t<0

and cumulative distribution function F(z).

The value of random variable Y is the largest of the values X1, Xo,..., X,.
Show that the cumulative distribution function of Y is given, for y > 0, by

G(y) = (1 — e_)‘y>n.

(ii) The values L(a) and U(a), where 0 < o < 1

5, are such that

PY <L(a))=a and P >U(a)) =a.

Show that ]
1
L(a) = —Xln (1 - an)

and write down a similar expression for U(a).

(iii) Use the approximation e’ ~ 1 + t, for |t| small, to show that, for sufficiently

ez T,
ML) 2 ) — L <ln <;>> .

(iv) Hence show that the median of Y tends to infinity as n increases, but that the
width of the interval U(a) — L(«) tends to a value which is independent of n.

(v) You are given that, for [t| small, In(1 + ) ~ ¢ and that €3 ~ 20.

Show that, for sufficiently large n, there is an interval of width approximately
4\~' in which Y lies with probability 0.9.
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Examiner’s report
Parts (i) and (ii) were generally well done.

Candidates were often able to make good progress with parts (iv) and (v) even if they had found
difficulty with part (iii) (since the answer to part (iii) was given in the question).

In part (iii), many candidates incorrectly assumed that an — 0, leading to the incorrect approxi-
mation In (1 — a%) ~ —an.

A significant number of candidates ignored the word ‘hence’ in part (iv), either:

. not realising that L (%) was the median, instead solving G(m) = % directly, or

. Writing down the exact expression for U(a) — L(«) and attempting to find the limit of this
as n — oo.

Most candidates who attempted part (v) focused entirely on estimating the size of U(0.05)—L(0.05),

without ever stating that P(L(0.05) <Y < U(0.05)) = 0.9.

In parts (iii), (iv) and (v), a number of candidates did not give sufficient precision in the use of
approximations/limits, for example writing asymptotic results as equalities which held for all n.

Approximately half of the candidates implicitly utilised the identity U(a) = L(1 — «). Whilst,
formally, the bound 0 < o < % given in the question invalidated this method unless the range of
the arguments of L and U were first extended to 0 < a < 1, the identity allowed candidates to save
considerable repetition of work and candidates who employed this method were not penalised on
account of this technical subtlety.

Solution

(i) We have:

Since Y is the largest of the X; and all the X; are independent then we have:

P(Y <y)=P(X1 <y) x P(X2 <y) x -+ x P(Xp < y)

=(1- e*Ay)n
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(ii) The notation perhaps looks a little odd, but L(«) is a “Lower” value such that the probability
that Y is less than L(«) is equal to . Similarly U(«) is the “Upper” value such that the
probability that Y is greater than U(«) is also equal to a.

We have:
P(Y <L(a)) =«
(1 e AL(@) - Q@
1— e @ = g
e M@ =1 g
1 1
L(a) = Y In (1 — an)
and

—
|

e |
>
=

a) — (l—a)%

M@ =1 (1-a)n

Ula) = 3 10 (1- (1~ a)¥)

(iii) Note that as n — oo, aw — 1, and so ‘1 — an| is small. We have:

1
n

N—

e_)\L(a) o eln(l—a

e AL(@) —1p e<1_a%)

e AL(@) _pp |1
%—1)

—1
—AL(a) ~ 1
e - n(«)

ne M) ~ In(a™h)
Inn — AL(e) ~ In (In(a™ "))
= AL(a)=Ilnn—In [ln <1>]

«

The second line follows since e* and Inx are inverses.
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This is the first way I solved this part, but there are quicker ways!
Alternative method:
We have:

~1+ e since i is small
n n
Using this we have:
AL(a) = —In (1 _ a%)
i 1
AL(a) = —In 1—(1—1—110[)}
n

AL(a) = —In _lnoz}
n

AL(a) = —In —lna]

AL(a) = | In(~Ina) - (lnn)]
AL(a) ~Inn —In(lna™?)

(iv) The median of Y is is the value m such that P(Y < m) = P(Y > m) = 4. This means that
it is equal to L (%), or equivalently U (%)

When n is large we have:
L)~ %(lnn —In(In2))

and so L (%) — 00 as n — 00, i.e. the median of Y tends to infinity as n increases.

Similarly to before:

Using this we have:

AU(a) ~ —In(—In(1 — ) — (—Inn)
AU(a) ~Inn —In(In(1 —a)™1)
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Therefore when n is large we have:

)\(U(a) - L(a)) ~ [lnn — In(In(1 — a)_l)} — [lnn — ln(lna_l)}

1

= U(a) — L(a) X [ln(ln a ') —In(In(1 - a)_l)}

%

which is independent of n.

We know that P(Y < L(0.05)) = 0.05 and P(Y > U(0.05)) = 0.05.
Therefore P (L(0.05) <Y < U(0.05)) = 0.9.

The width of the interval (using the expression found at the end of part (iv)) is approximately:

:ln(ln 20) — In <ln fgﬂ
:ln(ln 20) — In (m (1 4 119>>]
:ln(3) I (119)]

U(0.05) — L(0.05) ~

Q

U(0.05) — L(0.05)

Sl R

U(0.05) — L(0.05)

Q

Where the last lie uses e3> ~ 20 = In20 ~ 3 and In(1 + t) ~ ¢ (assuming that 5 is
sufficiently “small”).

Continuing the approximations:

U(0.05) — 1(0.05) ~ % 3 — (In1—In19)]
U(0.05) — L,(0.05) ~ % 103 + In 19)
U(0.05) — L(0.05) ~ % (In 57)

Now all we need is to show that In57 = 4. We know that In 20 ~ 3, so let’s try to use that:

57
1 =In(2 —
nb7 n(0><20>

57
| =1n2 In( —
nb7 n20 + n<20>
In57 ~ 3+ 1n2.85

and as 2.85 ~ e we have In57 ~ 4 as required.
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Question 12

12 (i) Show that, for any functions f and g, and for any m > 0,
m+1 m m s+1
> (f(r) > g(S)) => (g(S)Zf(T)) -
r=1 s=r—1 s=0 r=1

(ii) The random variables Xy, X1, Xo, ... are defined as follows

o X takes the value 0 with probability 1;

e X, takes the values 0,1,..., X, + 1 with equal probability, for n =
0,1,....

(a) Write down E(X;).
Find P(X; = 0) and P(X; = 1) and show that P(X; =2) = {.

Hence calculate E(X3).

(b) For n > 1, show that

n—1
P(Xn,1 = S)
P(X,=0)=
(Xn =0) s+ 2
s=0
and find a similar expression for P(X,, =), forr=1,2,...,n

(c) Hence show that E(X,,) = 3 (1 + E(Xp—_1)).

Find an expression for E(X,,) in terms of n, for n =1,2,... .

Examiner’s report

Most candidates answered all parts of this question well, with many candidates earning full or close
to full marks.

In part (i), a small number of candidates erroneously believed that
m-+1 m m+1 m
3 (1 3 st = (o000 ) (32 )
r=1 s=r—1 r=1 s=r—1

and likewise for the second sum. Such attempts earned no credit.

In part (ii)(a), a significant number of candidates did not understand the concept of X, 11 being
uniformly distributed on 0,1, ..., X,,+1, usually leading to the incorrect values.
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In part (ii)(b), a number of candidates gave no justification of the written result, simply writing

—P(Xp 1 =n—1)=

such attempts earned no credit.

In part (ii)(c), most candidates solved this part either by inductively proving that E(X,,) =1-2""
or by noting that E(X,) — 1 = % [E(X,_1) — 1] and applying recursion. A smaller number of
candidates applied recursion directly to the formula E(X,) = 3 [E(X,—1) + 1] leading to a correct
solution via geometric series.

Solution

(i) Expanding the first sum gives:

+1(3)[8(2) +8(3) + - + g(m)]

+ f(m) [g(m — 1) + g(m)]
+ f(m + 1)g(m)
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We know that Xy = 0. This means that X; takes the values 0 and 1 with probability

% in each case. This means that E(X7) =0 x £ +1 x % = % But since this part was

“Write down” you could have said E(X;) = 3.

If X7 =0, then X5 can take values 0 or 1, both with probability % If X1 =1 then X5
can take values 0, 1 or 2 each with probability %

For X5 we have:

P(Xy=0)=P(X; =0NXy=0)+P(X; =1NX,; =0)

_1X1+1 1
272 273
_5
12
P(Xo=1)=P(X1=0NXo=1)+P(X;=1NXy=1)
_1X1+1X1
2792 273
_5
12
P(XQZQ)ZP(XlzlﬁXQ—Q)
1 1
= — X —
273
1
6

Note that the sum of these three probabilities is 1, which is to be expected! This is a
useful check just to make sure that you have not made a mistake at this stage.

Hence we have:

5 1 3
E(Xg)—lxﬁ+2x6—1
We have
P(Xn:)
=P(X,-1=0NnX,=0)+P(X,,-1=1NnX,,=0)+---+P(X,-1=n—-1NnX, =0)
1 1 1 1
=—PX,.1=0)+-P(X,.1=1 -P(X,.1=2 oo+ —P(X,-1=n-1
2<n1 )+3(n1 )+4(n1 )+ +n+1(n1n )
S P(Xu1=9)
s+ 2
s=0

For P(X,, = r) first note that this is only possible if we have x,_1 > r — 1. In a similar
way to above we have:
P(Xn,1 = S)

s+ 2

Note that the above expression does not work when r = 0, as this would mean the sum
started from s = —1.

STEP 3 2025 Worked Paper 63


https://step.maths.org

UNIVERSITY OF
) CAMBRIDGE step.maths.org

(c) When finding the expectation we multiply P(X,, = 0) by 0, so we can ignore this term
to get:

r=1 s=r—1
n—1 s+1
P(X,_ 1=
= Z(:_:QS) (Zr) using (i) withm=n—1
s=0 r=1
n—1 n
P(Xn_l = 8) 1 . 1
2234——2 §(s+1)(s+2) using Zk‘zin(n+1)
s=0 k=1
1 n—1
= §ZP(X71—1 =s)x(s+1)

We already have E(X;) = 3 and E(X,) = 2. Using the recurrence relationship that we
have just found we also have:

1 3 7
(Xs) =5 { + 4] S
1 7 15
(Xa) =3 [ - 8] 16
2" — 1
CONJECTURE: E(X,,) = TR
We can see that this is true for n = 1,2,3 and 4. Assume it is true for n = k, so that
2k —1
we have E(X}) = oF Then considering n = k + 1:
1
E(Xp11) = 3 [1+E(Xy)]
1 2k —1
— 1+ =
1]
I |
= - X —F
2 2k
o 2x2k—1
© 2x2k
2kt 1
= W
. 2" — 1
and so it is true for n = k + 1. Hence we have E(X,,) = on form=1,2,---.
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